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r - - -r ~~~:i ~ i n  ~~~~ : .U— . . . . i i i c ~~. ; - ~ ; i ~~t ~~.~~- r . i u i :. ~~~ ‘1 i ’.. thr-
I i  ) ‘ . Y, 

~ f l -J  ~ ~~~ .~~~~~ — ;  1

1. ~~~~~~ ‘)I ~t ; d~ ~~~~~~~~~ ~~ ( i . v .  j~; sai .~ t.~ 1)~ . -1. L .~ 7, . ‘]‘~~j •;—~j~/..~
( - . d . )  11 ~~~~~~~~~ 

n = t .I~~c - f - : : i : ;  i iep ?r. L’r~t id :~L~~; i1y dist r i L i ~;e-i

f •:• ’~~ x - , / i i ~~~ t the -r ~~~~~~on ~.f x + x + + x ~~ L~
-
~~ ~~~~~ni  rA — mi

a;: ~~~ or : t ~~ t id  U r -~a’; t ; t t  U and V h~itc  t~ e ~rune d L ~ trib ’ition ,

•~f a tn n~~u1ar a r r a y .

x x
21 ?,~

V + V  +~~~
~~

1- ~~~ 3.~

>: + x  + ... +~~~:

~1 n2 nn

• 
~~~~~~~~ O~~ t i ;  ~~~~~~ ~~~~ i~ r i n c t i or ~ ( e .r .  ) f ( t .~ ) of t he  ~ .v . X , th is  is equivalent

; : - .~;t ; .  t . i.~~t ? i  e~~ di r : = 2 ,~~,. . - t~; • r~ e x is ts  a c .f .  f ( u )  such t hat

tH )
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a .  .~ - I  I ~t•; t : .- - 
-~ ii. tr~ n j ’.. ; ( ~:a , tLa r r~I ;t ty d  ~- x;,c ::. -: t ;il a n - i  r.’ ILL_ ; . u l c a

~~ ;; - i ; - .t f t : t~~~ , i t t - I  t Ax - - Ia LL~ 
- — -  ., : - ,~:-~. r~i :TL i i ; : t ;~~ bu~~~ , r . . It  l i i c i i i d a : :  t I :  Po~~~~ - a an :i

..: .r : . ; ;  - -
~~.. i’~~i ; a a . x  r ! i ; ; t,: i - . -a~ ( - i l :  : . a ; t , ; ) L . ~ . - r t - r ; t L c -.l i . j  p~~ t.~ n;~ :-i di ;:  r : l  L~~ua on

t i ;~
_ -~~~t~~:a;~ ~~~~~~~~~~~~~ f ) , U .:~ :. ; - r ~ we ::::all 1. : ; ( , ~- rca~.n d I~r J :L: i Y i i i  ec -~ .i r j - ’

- :  v . :Y t i ~~2~~ t .-
~ - . . ‘ l a —  La ;  u1~ o i’i~ 1U.1n. tha  ~ c - x i c : r a l i z ’ - ~l :-r ~~ .3; :c~.i d i ~;t ! -

~.bt1 .’x a3

( I i : ;  r ; - ; t  -:~~~ r . .- - ‘ :- ~r A ; - : ; h a . na ; ~ c; of -a Poi ;  —ui ~~~ - ft:il, r-d num b~~e of i d i a x t ically

c:; :; t .;’ -~~~(- . ~~~~~ . ‘ .~~) .  t :- ,v - u t - : L . L un - ; w h i c h  a re  c-f i r - F .  d iv . are LLorc  -~~~~~L h

1 : : - . ~~~~ ‘ * ~.h :~ - .rx- a ~;. ~~~. ~- i -
~ ; ; i ’-: ’~i ~- .~ r;a point - ot ; tar -  real ].in~~, au-~ t ij ase

a:~ ai;L I;’ -: ta: , ~~: dii : 1  i~;i.c- .: at ~oac point in the ro: p1.~:x plane -
• - - • ‘ I t Ai ~ f the  ~f lf .  d l v ,  ;L i l j  1~ to note tht~.

- - - a ~ of -~~~ o I  ~~,a~~r ; - ~ fai~ i i  - . -F ~~~::‘ ; i ~~-~t - Larx a a o n u a i a s  the  n; a d i n ~- :  I , a r c a i  n i n t r i —

b~~ . -, , ;U’~~~- : :~~ HL: ~~ 
;- :~~F— . : -  - : . ~~~~~i i t l ,~ , l i r I ,r - ib ut i on s , ~ i i f .  d iv .  ri.~~ t :d~~’j Han.:.

~ -l :t.~ i v - -I : , t ca- ’ d. y : -  ~~~~~ -: o: ‘ - -:- - -~~~-. : ~- n l - a -  u~a- d •~ -‘ z~-~ ;c d~ n t r i i .  I c-an for

r -~ic l  ;:,~ v a r  ~c,L ; r A ~- .i- - - ran f u r y  r t ; ij l.r - I L : L r i i u t l r un i~; inf  dlv. , tL in f .  div.

1 L.i.- ’j ~’i~~tA in L . :  car t t. .ia’ - i ~~~~~~~~~
- - -  ::‘ ; : r ,~b i e  u~ r t r i L.’u t , i o as arc- , and t . ia-  r eault  is  a ma-i

vh. 1 7 r :~ i r -u: t ’ i  a t  r~- arH bc v a l i d  an i~-r r i n r ( :~~y :xiei - a i ‘‘ I ~-r~ r .:

~ . i-aa ’n. - - - i l cd i I  ala i c : n L . 1~ n~ niber oF res-~areber ; have studied . , 1,i l ’ .

d i s i L . - h ’;t ;: aa~- . e .g . ,  Lcx~ o x r h e L  ( 1973, 1975), Farvi and Roll (1971fl because they

i [c-ii.” A pr1r ’;~ . . ~~~~~~~~~ t i °f l  f or such st xd i~’s is the  observation oF

Inc”  L Stx3  t ha t  the  dist .r iba t a n s  -. f cli .nnr ’c s  in  stock prices ~~~~~~ to be rather hc-~avy—

Stabi a di : ;ta[but .  an:. a a- - indeed ~ c -:L ~~~—tn i  ~c- J .  In fac-t , the  only stable dis t r ibut ion
i;~~th  F i r ~~ L r’ i~~;i ac - J r  I _ f l u -  ;i Yc .a . i : t~~ij ~~tj on.. It Is acknowledged [see , e.~~~_

~‘ -t -j -u~~ r~~ ( 19(3) , p. I4~ 9} i.ii - it. I, ~ :; a -at  nec’ c-ary t.o uac i n fi n i te —v er i a n co  d i st . n ibut iDns

in c-r ui -r  to -av id ;-  h-a - -v ,’—~ iii -a .1 U .~t ,ri i ;u ’. i of l . . .

F 1 ’ n~’t , , all i n t i t i. t . - - y -? iv ’~sf t le  cli x-: t ,ribut i .on s are hc~vy— tai1ed . For , as viii
ni hr ~~~ tLc -ir Fr . ; - a  c; ~:il;t rh , , s necessarily non—negative. Thus , letting
d’-:,a t. the’ r—th ( ‘ ( - r l l_ r ; r .L r -:L’ta~ , we h i - i c -
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a •- - s ’ - rr: - r. L  ; H a ; ’. i - , . i ,  :r = A 
* 

ru  a ‘ii u t — at ,~x ~:it wa f ’ aii r t h a r iu la  ‘~~

in  I — - .1 - - : ‘ n i t i . i y r  t e  t:. - na - - - s t  -

- - H a  t - ’ , - - .;  ‘ha ’ . ~h’- ‘,vi;r ’~ . : . L I i ~~ J : : c  is . nr , — s c- ,~:LI . , a . - .

- 
I - ,. ~ 

a - - i~’ 7.~ - 
‘
. I !~~. - ‘ . -

~~ t i 
p7 ’ . ~~~ f ~ne ~~i , p r :  ‘i ., 1.7L ap i 5 ~ J O; f fc t h

- ‘.r - r t .  K I; — -

- ~~ , [‘i fl . ~ in  ‘ r : (  t ~~~~~~ a .  ~~~~~~ - 1 t~ ~~~~~~~ X h’-a fir i i  te Fo~t r t h  :-;or:ic-n t , the fo u.rth

r ’ . : . ’ ’ ’ l ~ ~~- ,• : i  t ;  a :,.! Ia ;~iv’-:s

= ( Y ~/ ics 1’) !a 1;  t ( u ) ~~~ 0,

-a c--: ‘ ( a )  i n  Th: a . ~~. c,F ~~~~, f l H a ’ -  X Ic :  in f .  d l v . ,  thc ’ lc,a-~r i t h m  af  f (- i ) -:

a bc -~~ i . c : ;  [ a ’ ~ - u - i ’ . .  * 
1:, ’ ~(1 ~~r

~~~) , 
p. 2’9 I as

(2 )  :Lc-r f’(a) = ~~~ + r [ - ; :~: 1 ( i n; ) — 1 — iuxlx
2
dK(x),

- a -  ~: ) ~ a nL c . : Ic ’.-u ’i- - .i n;-r’a’-.a ag ;tn . i  of L sv - it - : J” : l v ar i a t i o n  , K(~~ - - - )  = o ,
= •- - - . ‘( x ) < ‘ - - , an d  ~; i~( X ) .  The int ’- ’-

~
r’ a.n-i is definea  at the or igin by continuity .

~,a. , F r - a .a [ , . - - - ‘ ( 7 9 ~~~) ,  p. 293 , n ; , - . sees -ha l-

(
~~. 3) — ( d

2
/:in ’

~) i u g  f ( u )  = f c - ; - : p ( iux )d F(x )  -

a; th-.. Le ’I. — h ; s - i  a H- - nfl (2 .  ~ ) is -i c . f .  ~J i n ~~e this c.f. is twic-e differentiable 1

its -~a:a.I 1 - - r i’, ~ ‘ - ,‘c’ H gia-- n tr  1L ~~’v e ( 19 (~ L ) ,  p. 200]

14 I
(d ,~‘.x ‘

)~~~
- ‘  f ( u )  = f ; ’ cxp (iu.~)dK(x) -

ia i s , L i  (a .i),

(‘ .h )  
- 

= fx~di~(x) > 0 -

-; I
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* • - .. _ ~~~~~~~~~~~~~~~~~~~~~ ~‘~~;
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~~

.
‘~ .1. i l  (i t ’ cfl a’’- ’ L , -‘. ion f’~ c~ ~~~~~~ .

1 , ; .. i a:I ‘ - - - ! - ‘a .a “a n  J . ~: I ;  ( - i t
~~~~~~~ 

- T a- - ;  a~~- .- n l . ; , ; t , a l t a r ;  h is 

- u - ; :  - . ‘ -— I1c-~~~ia,~ :; .sc a t an l a;’ 1. ’’’; ru -- f er.. a - ,  ~. ~~ ~n-- ,- - ..

I “ ~~l 5 t t _ ~I . ;‘ ; ,,y : ‘ 
- - an’ ;- . ‘‘  i t - ~. LI I I~’ as; a d x l  ~on -

‘~ial ~a - f ’ t i , -/ f - .; ’ . : ( ~.l). 
‘ ‘ a ’ -  1s;a: - -~ ~ritfl di:-arat” s i f l , r,-:.L

F a ‘a s -  ir ’l an ,, -: - ‘a ti; , - -, :. .  u ’S:;  a: ’ - r :  I ‘ ‘.‘ “ , s ’ .i tS 1:;  ~( I - -t as ; i -s ’aara r ” e l e c t r i—
a : L.a . ~ . , - ., • a -u !  t a - .. L ’  - ‘ ± 1  1 , , - :  ‘- i s  - - - - a - ; - ’  . i : : :s ro -ia__- c - - i Ia:,- ‘~ ]n  - L r ~~r ;ul

i n  ‘~~~~‘ - - • - f I r t ’ . _, 
. ;~~ , T i , : ‘ 1 1 1 j ; ’ ; ,~. 1 O j  I - aj a r ; -: i n  ~~~~~~

- prob] c:r; ()~~ esti:se —.~~~
ar--a ‘‘ . i~~,, ‘ ‘ ~~~~~~~ ; ‘ t ’~ ” ~~~~~~~ I i :  a U . i L I ~~ -ss ’ ;c-- i :: :a:J.a ion  ~ hc ;c-r thc -“coun t ”

F in a -a ‘ s - - - I- :’ ;:: a - I - - or-;.;:, I n y u  1::, the V.1 ;- .ir’-a ~ri’:u-ae r- n r- li v i  i - u tc oca:uI ..i en

a ~~~~~ Si: ’ -‘ h’ - :-~~, ~~~~ 
- a ’ al ‘ -:“. i n F + F ‘,- ih n’c -Z is lAir - ,;:r-’.h-~~r of viruses

a I i -;-u’ :~~a a~’ - . a- ; ‘a- . , - f raa tr:- - 1 h-al (cc vim : rem :;~~ it area) plus
C: ’!~~ ): i - ‘.1. : u - i. - : - a . -~~~t - a ’ ‘ - - . H !i -Jd,’ 55J ‘~~~ a p n l ; n ’ ; u i ion ;5 i t  i i ;  1’~~~iaOnLHJIc -to take

-a a ’ - 1 h- ‘d ‘ H ’  I . - a s ; ’ .  L a , :  ~r -; , ;bl~’ Y a I;: aarnni n’u-.l that of the discrete

:~~- ;b7 ’- F ~~- a - - - a s a r i : ,  a-a :‘: u , ’ :;_ “vl t. r-’ i ( e . g . ,  negat i ve tir ;orn ial or some other
p - :  u - f  Pa a: -  i t .  • I :5 — : t- ;‘. I - a) —

.:;s u; , i f  ~: = + Z, - u -  Y is nac-rn.l a n - I  Z it; Poisson or compound Poisson,

li- i --n F is  i ’h ’ . d i t ,- . in in -- ,., thu c-.-,t . F is inf. dlv . if and only i f ’  (2.2) holds.

- in  ‘ ‘ -  I i n  (“ . 2 )  I n i l  I.;. c’ont I ;;u~ t.y at the Origin - [m are , sinc-e the litsit

x t - -;d-; t.a za - u .  a t  1 - 1. -a ,’ ; t a~~r a - -’l T c a p ( i u x )  — ‘I — iux lx 2 is —U
2
, we hm-: c

- , 7 2  , . - —2 .,( ,,c-) x o . ;  i ~~ in’ . — a ~. + f [ r . x p (  L a x  — I — 1’J ;’;]x w - i( X)  , 

- ~ is tn- - ,~~
‘ ‘ ‘ : -  a F  h( --- )  ~‘.t i.[Iv c’aia in an-:I ~ (x) has no mass :-;t the or ’ .i g in .

- ‘ . . - - ,. d - 2 2
i i :  r~~~lV - ; La: ;. ‘; -‘-. = 

~. + ~~ I 
~ . , w c-’-;’-~ ‘t ha :- : i-ag c.f. equal to —u ~ and

)et :c’e i;. t c - r- a w ith  V : ; r ( Y )  = 2.~~}, aad Z hun~ Ic’.’ e . f .  equal to t i te integral  in

( — ,., ).  ‘H’- r . v .  F I ; : c a . 1 1  - rho “ o in~ a c-’’mpu’a c-nt ” of X or is said to be of t -

-- s-a rt - ‘,n:,. ” ‘rH~ i t t  a- - -.- - ‘[ - ;
~~ ion rn-a -h i (3 .  1) w i t h  Z sui tably di  si.rihuted leads

tn n; : :  Ia ” , -i iv. F. f’~r.-f- a: -1: , n ” - ’ , ’  ~ n F . d i v .  F a t — v s  ~ convolut : ion n-aAc-i -

- ~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ‘—_ -~~ --~
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I It ~~s noticed by Borges (1966) and later independently by Pierre (1967 )

that nullity of the fourth c~,rsu1an t characterizes the normal distribution in

the class of inf. div. laws.

TH~ DREM 14.1. An i n f .  div. distribution ic norreal if and only i f  it~ fourth

c’.artu lant is sara .
PROOF . If X is normal, then Its c.f. f(u) satisfies

log f(u) iuu —

so that in the expansion of log f (u )  all terms of degree greater than two

I vanish . The r—th c~~u1ant is the coefficient of irul’/r! in the expansion.

Henc e all eu~ ulants of order greater than two vanish. Conversely , suppose X
Is inf . div. and has zero fourth cumularit . By (2.2) and (3.2), X is norma.l if

and only if K(x) increases only at x = 0. Hence it suffices to prove that

K(x) increases only at x = 0. But = 0, so this is Immediate from (2.14 ) .

Using this characterization of the normal distribution anong inf . div . laws,

I one can construct a test of the h,rpothesis that an inf. div. r.v. is normally

distributed . The hypothesis to be tested is

f U~ X is normally distribu ted , given that X is inf. dlv .

The alternative hypothesis is not H: X Is itif. div. but is not normally dis—
tributed. The hypothesis is equivalent to 0. 

-

.An (unbiased ) estimator for is [Kendall and Stuart , p. 281, (12.29)3

- n2((n +l)m14 — 3(n—l)m
2
2]/[(n—l) (n—2)(n—3)],

where
m = Z~~11(x

1 — 

..
) r /

- J is the sample analogue of 
~“r 

( and is a biased estimator of Ur )
~ 

The statistic

k~fa(k ~ ) ,  where a ( s)  denotes the standard deviati on of the statistic S ,
Is asymptoticall y normally distributed under H; so is k~fs(k ~ ) ,  if
is a consistent estimator for a (k ~ ) .  The variance of is relatively conpil.
cated [Kendall and Stuart (1969) ,  p. 290 , (12.37 . ) ) ,  ‘but under the hypothesis of
normality it reduces simply to 

-- 

-

I - ~~~1.

I
I 

-~~~~ - -~~-~~-- - —-_ -



a2(k
~
) 148081(fl_l)3 

6

[Kendall and Stuart ( 1969) , p. 296, ( 1 2 .7 1) ) ;  a consistent estimator for this is

obtathed by substitut ing ~2 = E~~1
(x

1—~
)2 for a2 . ( Alternatively , one coul d

replace s by an unbiased estimator for a . )  At level a one rejects the

hypothesis of nor mality if

j k~/ s (k ~~fl z (a /2 ) ,

where z ( p )  denotes tb’~ upper p—tb percentage point of the standard normal

distribution .

5. Testin g for norrnal —rlUs— P oisson . Of special interest in the convolution

model is the case in which F is normal and Z is Poisson . Sciove and Van Ryzir’i

(1971 ) give parameter estimates for such special c ases. Before applyin g their

results , it would be desirable to test the adequacy of such a spe~ ia]. model.

The adequacy of the nor mal—plus -Poisson assumption can be- tested against the under—

lying assumption that X is m t .  d4- ’- ’ . F~r this we need the following theore m

j [Pierre ( 1971), p. 3 14 8 ] .

T1~~OREM 5.1. Su~po ee X is inf . div. Then K Y + Z, where Y is noriraal and
j Z is ordinary ?ois8on, if  and only if

(5.1) K
6 

— 211:
5 

+ = 0.

PROOF. The c . f.  of a Poisson r.v. with parameter u has logarithm -equal to

(5.2) u[exp(iu) — 1) -
The terms

- - —2iu%i + f[exp(iux ) — 1 — iux]x dN(x) . - ‘

of (3.2) are of the form (5.2) if and only if M(x) increases only at x = 1.

Now suppose (5.1) holds. Then

0 = K
6

— 2 K
5

+ K ~

(d6/du
6
) log f (u ) L..0 —2 ( d 5/du5 ) log f(u)

~~~~0 + (d
1
~
’fdu~) log f(u)( 0

fx~dM (x ) — 2fx 3dN(x) + fx2dI4(x) -

fx2(x2 - 2x + l)dN(x) 

~~‘ - - - - -  _ _
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Thus M (x) increases only at x = I [an increase at x = 0 having already been

excluded in replacing K (x) by M (x)], and so Z is ordinary Poisson. Conversely,

it X Y + Z, where Y is normal and Z. is Poisson with parameter ~~~, then

the log c.t. is given by

log f(u) = —u
26
2 

+ 1.~ exp(iu) — 1]

= iu~ + i2u
2(2~

2+~ )/2 + i3u3
~i/ 3! + i

14
u

14
~j/14! +

so that

(5.3) K
1 

= ~i , = 262+~ , K
3 

= = K~ K
5 

=

In particular , -

K
6

— 2 K
5

+ K ~ = p — 2 u + u = 0.

An estimate of B K
6 

— 2K
5 

+ K 14 is b = k
6 

— 2k
5 

+ k~, where these

k—statistics are given in Kendall and Stuart (1969) , page 280 , (12 . 28) .  Let
s2(b) be a consistent estimator for c2:b). At level -a one rejects the
norm al—plus —Poisso n h ,rpo~~~esis if b/s (b )~ > z(a/2). The quantities Var~k~ ),

Var (k
5

) ,  Va .r (k6 ) ,  Cov (k 14, k 5
) ,  and C ov( k 14 ,~~~) needed to ec~ put e Var (b) are

given In Kendall c~n-~, Stuart ( l969), ~a~es 290—2 9 14 . [Unfor t unately , C r ( k ~~,k~~)

is not given.) These formulas are complicated but could be simplified , using

( 5 . 3 ) ,  to provide an expression for 02(b) under the normal—plus—Poisscr. nypo— -

thesis. This expression will involve only E(Y), Var (Y), and E(Z), which could be

estimated unbiasedly by formulas provided by Sciove and ‘.~an Ryzin (1971). These

estimates could then be sutstituted into the expression for a (b) to provide

the required consistent estimate 3 (b).

I An alternative approach is subsampling. One partitions the sam~1e into

several (say, t) disjoint subsamples and computes an estimate b from each.

Let ~~~ j = 1,2,...,t, denote the subsample values. Define

= E~..1b~/t .
and take

—

Then the test statistic is ‘bfs(b) . One needs to take t large enough so that
approximate normality of b can be used .

-4

:r~ S~~~~~~
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1 6. Test i r .~ f tr  r~~rt~~ ity,  gi ven n~ rmni—r~~~ —~~~~ scn. T~~ pr~ 3ence of th~
Poisson c n t : r .-~n .  Z - u l - ~ aff ect adversely t -~ ~-w ’~r of the ~est ~f normalft r

of Secti on ~~~. c~ r~ingly , it  ~a.ke~ sense tu consider test ir.€ nested hTh’~the~ — 2

I in ~~~~~~~~ ~ne fir :t te~j t 2  the hThr~~hesi2  of Ce~ t icn  5, 11z., K
6

— 21(5 + = 0.

If t h l~ ~~~~~~~~~~ is reJeOtel , one stcp~ and retains the f ull model.(The n atu r e

of the  nt~~~~ r~t Z is not toen further 3pec if ~~ d.) Or. the other hand , if this

hypothesiz is accept’~-1., -~r.e th en tests the hypothesis

I 0, given that K
6 

— 2K
5 

+ C.

I This is logically e uivalent to the hypothesis

K
6 

— 2K
5 

= 0. 
-

I The statistic c k6 
— 2k

5 
is an unbiased estimator for K

6 
— 2K

5 
. A test

statistic is cfs(c), where s (c) is a consistent estimator for a ( c ) .  Either

I of the approaches of Section 5 could be used. The hypothesis of normality woul i

great ly simplify the expression for o ( c ) .

I . 7. Testing for a Poi S3Ori ~ist r i tu t Ion .  Though we have focused on cont~.nuous

- r.v.’s X , it is of interest to note how one can test the hypothesis that X is

Poisson (i.e., Y is zero and Z is ordinary Poisson). The r .v. X is Poisson

I if and only if K ( x )  can have a j umpt only at x = 1. This corresponds to

0 f(x — l) 2d1C (x)

jx2ci~c(x) — 2fxdK(x) + fdK(x)

= (a /du ) 1og f (u ) l~~=0 — 2(d JdU )1o
~~
f(U)J~ _o + (d

2
/du

2
)1og f(u)~~ _0

= K
4 — 2K

3 
+ K

2 -

= 3 ,
say. Let d = It14 — 2k

3 
+ k

2 
be the k—statistic .estimate of 3. Then a test

statistic for the hypothesis of a Poisson distribution is d/s(u), where s(d)

is a consistent estimator for a ( d ) .  Again , an alternative approach Is provided
by subsampling.

:1
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